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Differentiable Simulators

f : ℝm ⟶ ℝn

(Jf)ij =
∂fi
∂xj



Differentiation of Computer Programs

∂f
∂x

= lim
h→0

f(x + h) − f(x)
h

Numerical differentiation

Inaccurate

Expensivetasesting𝒪(m × n)
f : ℝm ⟶ ℝn



Differentiation of Computer Programs

Symbolic differentiation

Expensive

f(x) = (2x + sin(x))x2(x + 3)(x + 5)
f′￼(x) = x(2x(45 + 32x + 5x2) + x(15 + 8x + x2)cos(x) + (30 + 24x + 4x2)sin(x))

Exact



Differentiation of Computer Programs
Automatic differentiation (AD)

Exact

Fastaadadesting𝒪(min(m, n))
f : ℝm ⟶ ℝn



Forward vs Reverse mode AD

f : ℝm ⟶ ℝn

Forward ~ m

Reverse ~ n



Agent-Based Models

•Expensive to calibrate


•Difficult to interpret / validate



Differentiable Agent-Based Models
Can ABMs be made differentiable?

Control flow?

Stochasticity?

Not enough memory?
Meaningful gradients?

Yes, they can



Case study: the JUNE epidemiological model

•GradABM-JUNE is its differentiable implementation (PyTorch).

Tensorisation enables 
scalability to millions 
(billions?) of agents

• JUNE is a 1:1 epi model of England (56 million agents)

References:

arnau.ai/talks



Case study: the JUNE epidemiological model

•We can use generalized variational inference for calibration

Differentiability enables fast 
and accurate model calibration 



Variational Inference:  
Bayesian inference as an optimisation problem 

1. Assume posterior can be 
approximated by a family of 
distributions 

2. Optimise for optimal 
parameters



Generalised Variational Inference

qϕ Simulator yx

π

θ

∇ϕℒ(ϕ)

ℒ(ϕ) = 𝔼qϕ
[ ℓ(y, θ) ]

D(qϕ | |π)

posterior 
estimator

ABM

parameters

ABM

output ground truth

divergence

forecast loss

prior

gradient

+

Knoblauch et al., (2022)



Gradients: path-wise vs score
• Gradient-assisted calibration algorithms need

∇ϕ𝔼p(θ ; ϕ) [ f(θ) ]
simulatorposterior estimator

• Two ways of obtaining the gradient:

1. Differentiating the measure (score-based gradient)


2. Differentiating the simulator (path-wise gradient)

Typically path-wise gradient has (much) lower variance (see Mohamed (2019))



qϕ Simulator yx

π

θ

∇ϕℒ(ϕ)

ℒ(ϕ) = 𝔼qϕ
[ ℓ(y, θ) ]

D(qϕ | |π)
+

Differentiable 
Simulator

Path-wise 
gradient

Normalizing 
Flow

L2 Loss

KL divergence

Generalised Variational Inference



Normalizing Flows
What do we choose for q? Image credit: Lilian Weng



Experiment with JUNE

• > 8M agents (London)


• 10 layers of interactions (household, company, 
school, pub, …)


• 1 Seed parameter


• Calibrate to synthetic data



Gradient Horizon Problem

Model does not train!
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Gradient Horizon Problem

x1 x2 x3 x4

Suppose we run an ABM with parameters θ for 4 time-steps

x1 = f(θ)
x2 = f(x1, θ)
x3 = f(x1 x2, θ)
x4 = . . .

dx2

dθ
=

∂f
∂x1

∂x1

∂θ
+

∂f
∂θ

dx3

dθ
=

∂f
∂x1

∂x1

∂θ
+

∂f
∂x2

∂x2

∂θ

+
∂f
∂x2

∂x2

∂x1

∂x1

∂θ

+
∂f
∂θ



Gradient Horizon Problem

dx3

dθ
=

∂f
∂x1

∂x1

∂θ
+

∂f
∂x2

∂x2

∂θ

+
∂f
∂x2

∂x2

∂x1

∂x1

∂θ

+
∂f
∂θ

Truncating the gradient 
reduces variance!
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Gradient Horizon Problem
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• 8 M agents

• 60 time-steps

• 11 parameters

• 8 hours training



Sensitivity Analyses (SA)

Cases

Parameter 
1

Parameter 
2

AD performs SA 

with a single simulation run, 

independent of # of parameters!



Reverse-mode AD 
independent of number of 

parameters!
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Conclusions

Differentiable agent-based models enable:


1.Fast simulation via tensorisation.


2.Fast and accurate Bayesian calibration via gradients.


3.Fast and accurate sensitivity analyses via gradients.

Papers + slides: arnau.ai/talks



Backup slides



Differentiable Control Flow

p1

p2

p3

x′￼ = Argmax ( ... )

x′￼ = Softmax ( ... )



Differentiable Stochasticity

x ∼ 𝒩(μ, σ) ⟺ x = μ + σ r r ∼ 𝒩(0,1)

dx
dμ

= 1
dx
dσ

= r

Continuous Variables



Differentiable Stochasticity
Discrete Variables

• Gumbel-Softmax

Jang et al. (2016)


